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Instructions: 1) All questions carry equal marks.
2) Answer any five full questions.

1. a) Show that x? € R[x?] on [0, 1].
b) If P* is a refinement of a partition P of [a, b], then sHowxthat
L(P,f,a) < L(P",f,a) <UP", o) I U(P,f,a)
c) Prove that if f € R[a], then —f € R[a] on [asD}:
(5+5+4)

2. a)Provethat if f € R[a] on [a, b], then)f| € R[a] on [a, b]. Also give an example of a
function f such that |[f| € R on [0, 1] and f>& R on [0, 1].
b) Prove that if f is monotonic antha\IS\continuous on [a, b], then f € R[a] on [a, b].
c)If f € R[a]on [a,b], f € [m, M] and ¢ is a continuous function on [m, M], then prove
that ¢(f(x)) € R[] on [albls
(4+5+5)

3. a) If f is continuous'én Ja, b] and a is monotonic on [a, b], then prove that

b
]fda = f()a(®) — f(a)a(a) — a(O[f (b) - f(a)],

a
where ¢ € (a, b).
b) Show that a function of bounded variation on [a, b] is bounded.
c) Calculate the total variation function of f(x) = x — [x] on [0,2], where [x] is the
greatest integer not exceeding x.
(5+4+5)

4. a) Prove that a series of functions ) f,, defined on [a, b] converges uniformly on [a, b] if
and only if for every € > 0 and for all x € [a, b], there exists an integer N such that
|fn+1(x)+fn+2(x)+"'+fn+p(x)| <¢€ Vnz=N, p=1
b) If {f,,(x)} is a sequence of functions converges to f(x) defined on [a, b] and
M, = Sup |f,,(x) — f(x)|, then prove that {f,,(x)} converges uniformly to f(x) on

x€[a,b]
[a, b] ifand only if M;, - 0 asn — co.
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c) Show that {nx e‘”xz} is not uniformly convergent on [0,1].
(5+5+4)

5. a) Let {f;,(x)} be a sequence of differentiable functions on [a, b] such that {f;,(x,)}
converges for some x, on [a, b]. If the sequence {f, (x)} converges uniformly on [a, b],
then show that {f;, (x)} converges uniformly to a function f(x) on [a, b] and
lim £1G) = f'(2).

b) Suppose f,, — f uniformly on [a, b] and if x, € [a, b] such that xh_)r?o fn(x) = a, for

n =1,2,3,---. Then prove that
(i) {a,,} converges
(i) lim lim f,(x) = lim lim f,(x).
X—-Xg N—0 n—-00 x-Xxg

(7+7)

6. a) Define a k —cell in R¥. Prove that every k —cell is compact.
b) Prove that every infinite subset of R¥ has a limit point in R¥,
(7+7)

7. a) Suppose f maps an open set E ¢ R™ into R™ and if fi§differentiable at x € E. Then
prove that the partial derivatives D; f; (x)exist and f'(x)ep= X%, D;fi()u; (1 <j <n).
b) If ¢: X — X is a contraction mapping on a complete-metric space X then prove that ¢
has a unique fixed point.
c) If T, T, € L(R™, R™) then prove that
() ITy + To|| < (ITq ]l + |IT% |l
(ii) llaT. |l = lal Tl
(4+6+4)

8. State and prove the impligitfumgtion theorem. (14)
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